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Abstract
Practical electrical contact edges are irregular either macroscopically due to fabrication errors or
microscopically due to the nature of edge or surface roughness. However, electrical contact
models typically assume ideal and regular contact geometries, where geometrical effects of the
irregular electrode edges are not well characterized. This paper studies current crowding and
spreading resistance of electrical contacts with irregular contact edges. Using finite element
method based numerical simulations, we investigate the scaling of total resistance, spreading
resistance, potential drop and current distribution for electrical contacts of tilted contact edges,
with various electrode lengths a and edge angles θ. It is found that as the contact edge angle θ
increases, the spreading resistance and therefore the total resistance decreases. This is attributed
to the increased current crowding towards the corner of the longer electrode side edge when the
edge tilt increases, leading to shorter current conduction paths. For a given edge tilt angle θ, the
scaling of spreading resistance with a follows closely that of zero edge angle θ = 0: the
spreading resistance decreases with a when a/h< 1 and then converges to a constant when
a/h> 1, where h is the thickness of the conductor. The current density distribution near the
electrical contacts are shown for different edge angles θ.
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(Some figures may appear in colour only in the online journal)

1. Introduction

Electrical contacts [1–3] are important to superconducting
accelerators [4], high power microwave and millimeter wave
sources [5], vacuum switches, and pulsed power systems
[6, 7]. They are crucial to the operation of plasma heat-
ing systems [8, 9] and high current carrying conductors [10]
in International Thermonuclear Experimental Reactor, and
Large Hadron Collider [11]. It has been estimated that con-
tact problems account for 40% of all electrical/electronic fail-
ures, ranging from small scale consumer electronics to large

scale aerospace and military systems [12, 13]. Poor electrical
contact prevents efficient power coupling to the load, pro-
duces unwanted plasma [14], and even damages system com-
ponents. On the other hand, electrical contacts and intercon-
nects and their related thermal issues have become one of the
most critical concerns in very large scale integration circuit
design, due to the excessive heat deposition in the increas-
ingly limited contact space, especially with growing demands
for high packing density [15, 16]. For devices based on novel
low-dimensional materials, making good electrical contact
remains the major challenge, as contact resistance and current
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Figure 1. (a) An electrical contact with tilted and/or rough contact edge, and (b) a conducting structure with an irregular shaped crack are
given an input bias voltage. The gray lines show the current flow path.

Figure 2. A conducting structure with an electrode contact of tilted edge. Here, a1 is the length of the shorter side edge of the electrode, and
a2 is the length of the longer side edge. Note that a= (a1 + a2)/2, and a2 − a1 =W tanθ. The average length of the bulk conductor outside
the contact is L= (L1 + L2)/2= b− a.

crowding significantly impact and sometimes even dictate the
overall device performance [17, 18]. Electrical contacts are
also important to micro-electromechanical system (MEMS)
[19, 20], semiconductor nanolasers [21, 22], carbon nanofiber
based cathodes and field emitters [23–28], and emerging nano-
scale vacuum electron devices [29–32].

Electrical contacts are studied mostly by assuming ideal
contact geometries [1–3, 33–43]. Examples include circular
a-spot, referring to a circular constriction hole at the interface
of two current conduction channels [1–3, 34], cylindrical con-
tacts between cylinders or thin film disks of different radii [35,
36, 40], and Cartesian contacts between rectangular contact
members of different widths [34, 35, 37, 38, 40, 41, 44]. The
extension to an a-spot of arbitrary shape on a thin film was
considered only in the limiting case of small film thickness
[45, 46]. Though there have been recent studies to extend the
modeling of electrical contacts to current conducting channels
with linearly varying cross-sections [21], tunneling type con-
tacts [32, 47, 48], and to AC conditions [49, 50], ideal and
regular contact geometries are always assumed.

However, practically, due to the nature of contact edge
roughness on a microscale, or due to the fabrication defects
(e.g. misalignment of the contact edges), contact structures

with irregular or tilted electrode edges are often formed (fig-
ure 1(a)). This is particularly common in microscale electrical
contacts [51] and electrical contacts to two-dimensional (2D)
materials, where a major challenge is patterning with very
high precision [52]. Since the distribution of current flows
near the electrical contact is highly sensitive to the condi-
tions of the contact edge [45, 46], it is expected that the con-
striction resistance due to current crowding will be strongly
affected by the irregularity of the contact shape. In addition,
current flow through a rough constriction edge is often found
in the electrical-potential-drop technique for measuring crack
propagation in metal samples [53, 54]. The presence of inev-
itable edge roughness during crack propagation will introduce
errors in the potential drop measurement (figure 1(b)). Hence,
analyzing the current distribution and the constriction resist-
ance in electrical contacts with irregular electrode edges is of
great importance, which, however, is rarely treated in the lit-
erature.

In this paper, we study the spreading resistance and current
crowding of rectangular electrical contacts with tilted contact
edges (figure 2), using finite element method (FEM) based
COMSOL simulations [55]. In section 2, the description of
our model for a conducting contact structure with irregular
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Table 1. Laplace equation and boundary conditions for the model in
figure 2.

Inside CDEFGHIJ: ∇2Φ= 0
At HIJG: Φ= 0
At ABCD: Φ= V0

At CDEF: ∂Φ/∂y= 0
At ABHI, EFGJ: ∂Φ/∂z= 0
At DEJI, CFGH: ∂Φ/∂x= 0

electrode edge is given. Results and discussions are presented
in section 3. The effects of contact edge tilt angle and con-
tact electrode length are studied systematically. Summary and
suggestions for future research are given in section 4.

2. Model description

In order to study the effects of irregular contact edges, we con-
sider a simplified three-dimensional conducting structure with
a tilted electrode edge, as shown in figure 2. The dimensions
(a1, a, a2, b, h, W, θ) and the electrical resistivity (ρ) of the
conductor are specified in figure 2. Current flows from the top
electrode to the side electrode (cf. Figure 1(a)) when a bias
voltage is applied between them. The length of the bulk con-
ductor outside of the contact is L1 = b− a1 and L2 = b− a2
along the two sides, respectively, with an average length of
L= (L1 +L2)/2= b− a. In order to get the current flow pro-
file and therefore the resistance of the structure in figure 2, we
use a FEM based code, COMSOL [55], to solve the Laplace
equation. The boundary conditions are summarized in table 1.

For the special case of θ = 0, we have a1 = a2 = a in the
structure in figure 2. Here, due to symmetry, the width W can
be ignored in solving the 2D Laplace equation (i.e. only in the
y-z plane). This special case was studied by Hall [44] using
conformal mapping calculation in the limit of b≫ a. The total
resistance RT between ABCD and HIJG with θ = 0 for b≫ a
is found from Hall’s exact calculation to be [37, 44],

RT = Rbulk+Rs, (1a)

Rbulk = ρ
L
hW

, (1b)

Rs =
ρ

2πW
Rs, (1c)

Rs = 2π
a
h
− 4ln

[
sinh

(π
2
a
h

)]
, (1d)

where L= b− a, Rbulk and Rs refer to the bulk resistance and
the spreading resistance of the conducting structure, respect-
ively, and all the symbols have been defined in figure 2.
We have developed exact solutions for the potential pro-
file Φ(x,y,z), for arbitrary values of dimensions a, b, h, W,
and resistivity ρ, by using Fourier series expansion (cf. Eqs.
(A1)—(A7) of [35]). From the exact field solution, we cal-
culate the current density distribution, current flow patterns,

Figure 3. Irregular electrical contacts: (a), (b) with V-shaped
contact edge, and (c) with saw-tooth contact edge.

and the resistance due to current crowding effects. It is verified
that the Fourier series expansionmethod gives identical results
to that of conformal mapping for b≫ a [37]. When a/h> 1,
it is also found that equation (1) is a very good approxima-
tion of the exact resistance for L> h [35, 37, 41]. Numerical
results from the FEM calculations will be verified against the
exact theory (i.e. Equation (1)) for the special case of θ = 0 in
figure 2.

It is noteworthy that, because of symmetry, the results
in figure 2 can be directly extended to a V-shaped con-
tact electrode edge, as shown in figures 3(a)–(b), which
may be further generalized to a saw-tooth shaped contact
edge in figure 3(c). The structure in figure 2 may be con-
sidered as a unit cell in characterizing the structures in
figure 3.

3. Results

In this paper, we used the dimensions b= 10 cm, h= 2 cm,
W= 1 cm, and assumed the resistivity ρ= 1Ωm for all the
cases calculated. Figure 4(a) shows the total resistance RT of
the structure in figure 2 as a function of the electrode length a
for the special case of θ = 0. As a decreases, RT increases, this
is because the current flow paths between the two electrodes
become longer with decreasing a. The contributions from the
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Figure 4. (a) Total resistance of the structure in figure 2 as a
function of the electrode length a, for the special case of θ = 0, (b)
the corresponding voltage drop as a function of the length L when
connecting to a contast current source I0 = 50 mA. Symbols are for
FEM simulation, solid lines are for theory from equation (1), and
dotted lines are for linear approximations from equation (2). In (a),
Rbulk and Rs calculated from equation 1 (b) and (c) respectively are
also included.

bulk resistance Rbulk and the spreading resistance Rs, calcu-
lated from equations 1(b)–(c) respectively, are also shown in
figure 4(a). It is clear that Rbulk decreases linearly with a,
whereas Rs due to the current crowding effects decreases with
a initially, and becomes almost a constant when a > 2 cm.
When connecting to a constant current source I0, the corres-
ponding voltage drop Vd (= RTI0) increases with the length
L (= b− a), as shown in figure 4(b). Excellent agreement
between the FEM calculation and the theory of equation (1)
are obtained, with a maximum error <0.004%. In the limit of
a≫ h, we have [37] Rs = 4ln2, which gives Rs =

ρ
πW2ln2=

0.441 ρ/W. Therefore, in the limit of a≫ h, the total resist-
ance in equation (1) becomes,

RT = (L/h+ 0.441)ρ/W, a≫ h (2)

which is also plotted in figure 4(a). It is clear that the lin-
ear relation equation (2) gives a very good approximation to
equation (1) when a> h= 2 cm. When a< 2 cm, the total
resistance is increasingly larger than the linear prediction of

equation (2). This is because when a< h, the intense current
crowding effect near the constriction corner results in a higher
spreading resistance Rs.

The effects of the angle of the electrode edge θ are shown in
figures 5 and 6. Due to symmetry, the results for+θ and−θ are
the same. As θ increases, the total resistance RT, spreading
resistance Rs, and the corresponding potential drop Vd all
decrease, for a given electrode length a. For a given θ, the
scalings with a in figures 5(a), (c)–(d) follow closely those of
θ = 0 in figure 2. It is important to note that for θ up to ±
60◦, the change of the total resistance with respect to that at
θ = 0 is only < 14%, as shown in figures 5(b) and 6(a). This
indicates that the total resistance RT (and therefore the voltage
drop Vd) for an irregular electrode edge with an average con-
tact length of a (cf. Figure 2) can be estimated by using a rect-
angular electrode of θ = 0 with the same contact length a, with
an error < 14%, as long as the local angle θ is within± 60◦. For
θ > 60◦, the total resistance can be reduced by ∼ 45% (figure
5(b)). This is because the electrode length at the two sides for
large θ (i.e. a1 and a2 in figure 2) can be very different from
the average length (a in figure 2), yielding a very different cur-
rent flow distribution, and thus a different resistance from the
θ = 0 case.

In contrast to the total resistance, the spreading resistance
Rs depends strongly on the electrode angle θ, as shown in fig-
ures 5(c) and 6(b). This is because Rs is caused by the current
crowding effect, which is sensitive to the local geometry near
the constriction corners. For a given θ, the spreading resist-
ance still decreases with the electrode length a, and eventually
saturates for large a, as shown in figure 5(c). At θ =±80◦, the
spreading resistance Rs becomes negative for a= 3, 4, 5, 6,
and 7 cm, as shown in figure 6(b). As already being pointed
out in [37], the separation of the bulk resistance Rbulk and the
spreading resistance Rs from the total resistance RT, as defined
in equations 1(c), is somewhat arbitrary, which is, however,
adopted here by convention. The negative value of spreading
resistance simply means the total resistance is smaller than
‘bulk’ resistance defined in equation 1(b). To further under-
stand the behaviors of the resistance and current flow paths, we
next present the current density distribution for various com-
bination of electrode length a and electrode edge angle θ.

Figure 7 shows the current density in KNML, which is in
the xz plane of the conducting structure shown in figure 2 and
passes through the center of the tilted edge AB (cf. Figure 2.),
for various θ. Note that, in the conducting structure shown in
figure 2, current flows from the top electrode to the side elec-
trode. For small θ (cf. Figure 7, θ = 5◦) the current density is
almost uniformly distributed near KN. However, as θ increases
the majority of the current density becomes concentrated near
the center of KN (cf. Figure 7, θ = 80◦). The reason behind
this is the fact that, in an electrical circuit, current always fol-
lows through the least resistive path and themaximumpossible
cross section area. For larger electrode edge angle, the current
crowds near the constriction more strongly.

The current density distribution in the DCHI plane of
the contact structure in figure 2 is shown in figure 8 for
θ = 5◦, 10◦, 30◦, 45◦,60◦ and 80◦, respectively. For small θ
(cf. Figure 8, θ = 5◦) the current density is almost uniformly
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Figure 5. (a) Total resistance of the structure in figure 2, (b) the percentage change of the total resistance with respect to RT0, the value at
θ = 0, (c) spreading resistance, and (d) the corresponding voltage drop when connecting to a contast current source I0 = 50 mA, as a
function of the electrode length a, for various θ. Symbols are for FEM simulation, lines between symbols for a guide for the eye. Dotted
lines in (a) and (c) are from theoretical calculations using equation (1) for the special case of θ = 0.

Figure 6. (a) Total resistance of the structure in figure 2, (b) the corresponding spreading resistance, as a function of θ, for different
electrode length a. Symbols are for FEM simulation, lines between symbols for a guide for the eye. Open symbols are from theoretical
calculations using equation (1) for the special case of θ = 0.

distributed along the tilted edge AB. However, as θ increases,
the majority of the current density tends to be concentrated
near corner of the longer contact edge, point A (cf. Figure 8,
θ = 80◦) due to the current crowding effect, which increases

with the constriction in the structure. As a result, the current
flow paths are significantly shortened for large θ, leading to a
much reduced total resistance compared to the θ = 0 case, as
illustrated in figure 5 above.
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Figure 7. FEM simulation results for current density in KNML, which is in the xz plane (cf. figure 2) and passes through the center of the
tilted edge (AB), for θ = 5◦, 10◦, 30◦, 45◦,60◦ and 80◦ respectively. The dimension and material properties of the conductor block are
stated at the beginning of Section 3.

Figure 8. Current density in the DCHI plane of the structure shown in figure 2 for θ = 5◦, 10◦, 30◦, 45◦,60◦ and 80◦ respectively. The
surface arrows represent the current flow direction. The dimension and material properties of the conductor block are stated in Section 3.

4. Summary

We have given a comprehensive analysis of the resistance
and current distribution in a contact structure with irregular
or tilted electrode edge, whose effects were typically ignored
in previous studies. Using FEM calculations, the scaling of
total resistance, spreading resistance, potential drop and cur-
rent density distribution have been investigated for various
electrode length a and electrode edge angle θ. For the special
case of zero tilt angle, the results have been verified with the
exact theory (equation (1)).

It is found that for a given electrode edge angle, both total
resistance RT and bulk resistance Rbulk decrease with electrode
length a, for a given conductor length. However, the spreading
resistance Rs decreases initially with a, and then becomes con-
stant, following closely the scaling of the zero tilt angle case.
As the contact edge angle θ increases, the spreading resistance
and therefore the total resistance decreases. When θ <±60◦,
the total resistance of the structure with tilted electrode edge
in figure 2 with the chosen dimensions, can be estimated with
an error< 14%, by the simple structure with rectangular elec-
trode (θ = 0◦), which can be characterized using exact theory.

6
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A detailed study of the current distribution shows nonhomo-
geneous distribution of the current density at the vicinity of the
constriction and this nonuniformity increases with the elec-
trode edge angle θ.

The conducting structure under study in figure 2 may be
considered as the basic building block to better understand
more complicated contact structures (e.g. Figure 3). Our study
facilitates the strategic design of contact structures with con-
trolled current distribution profiles and contact resistance. The
results may also provide insights on interconnect and via res-
istance variation reduction in integrated circuit processing
[56]. The effects of various contact geometry (circular, square,
etc) and dissimilar materials may be studied in the future.
Issues such as tunneling current [32, 47, 48], AC response
[49, 50], and coupled electrical-thermal conduction [16, 28] in
irregular electrical contacts may also be studied in the future.
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entific Research (AFOSR)YIPGrant No. FA9550-18-1- 0061.
The authors would like to thank Prof. Lalita Udpa and Prof.
John Albrecht for useful discussions, andMark Noto and Alex
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